Abstract In the classical twin study, phenotypic variation is often partitioned into additive genetic (A), common (C) and specific environment (E) components. From genetical theory, the outcome of genotype by environment interaction is expected to inflate A when the interacting factor is shared (i.e., C) between the members of a twin pair. We show that estimates of both A and C can be inflated. When the shared interacting factor changes the size of the difference between homozygotes' means, the expected sibling or DZ twin correlation is .5 if and only if the minor allele frequency (MAF) is .5; otherwise the expected DZ correlation is greater than this value, consistent (and confounded) with some additional effect of C. This result is considered in the light of the distribution of minor allele frequencies for polygenic traits. Also discussed is whether such interactions take place at the locus level or affect an aggregated biological structure or system. Interactions with structures or endophenotypes that result from the aggregated effects of many loci will generally emerge as part of the A estimate.
Introduction
In the classical twin study, phenotypic variation is typically partitioned into additive genetic (A), common (C) and specific environment (E) components. Dominance genetic variation (D) is sometimes substituted for C, although power to detect it is relatively low (Martin and Eaves 1977) . These models rely on several assumptions, of which two are key. One is that MZ and DZ twin pairs share environmental factors (that they do not elicit) to the same extent (Rose et al. 1990) . A second assumption is that there is no genotype by environment interaction. It is this second assumption that is the focus of this article, particularly the consequences of its failure when the environmental factor in question is shared by twins.
To be explicit about the type of genetic variation being modeled, we distinguish between A and D and hereafter refer to genotype by environment (often denoted as G Â E) in terms of A, C, D and E, according to which components of variance are interacting. The primary focus of this article is on the interaction between A and C, which we term A Â C: Two levels of interaction effects are considered. The first is at the locus level, in which the difference between the means of the homozygotes is affected by the interacting C factor. The second is aggregated where multiple loci have been combined generate a structure, network or endophenotype, prior to the effect of the C factor on the expression of the phenotype. These two circumstances make different predictions about the resemblance between relatives, and therefore influence estimates from twin studies differently. It is important, therefore, to quantify the potential for the type of the interaction on parameter estimates.
From biometrical genetic theory (Mather and Jinks 1982) A Â C interaction is predicted to inflate the estimate of A in a classical twin study, among other research designs. We demonstrate that this prediction is correct when A consists of variance due to a single locus and the minor allele frequency is one half. For other minor allele frequencies (MAFs), the expected genetic correlation between DZ twins (or other sibling types) is greater than 1 2 and approaches unity as the MAF approaches zero. At the locus level, therefore, A Â C interaction will typically inflate the estimate of both A and C. These conclusions are demonstrated algebraically and illustrated graphically via simulations in the following sections.
Classical expectation
To examine the effect of MAF on the correlations between DZ twins, we start with the expected frequencies and mean values of pairs of siblings, as specified by Fisher (1918) . Following Fisher, but assuming additivity, we specify the phenotype means to be a, 0, and Àa for the DD, Dd and dd genotypes, respectively. The population mean is therefore simply l ¼ aðp 2 À q 2 Þ ¼ aðp À qÞ. The population variance is calculated as the sum of the squared deviations from the mean, weighted by their population frequencies: r 2 ¼ p 2 ða À lÞ 2 þ 2pqðÀlÞ 2 þ q 2 ðÀa À lÞ 2 : Substituting aðp À qÞ for l and simplifying, the variance is 2pqa 2 . These quantities are those found in any standard text on biometrical genetics, once the simplifying assumption of no dominance is made (Mather and Jinks 1982; Neale and Cardon 1992) .
Under this additive single locus model, the expected sibling (or DZ twin) covariance is the sum of the crossproducts of each type of sib pair's deviations from the mean, weighted by their expected proportion in the population. The cross-products of sib pair deviations from the mean are shown in Table 2 ; these are weighted by the corresponding frequencies in Table 1 (element-wise matrix multiplication) and summed.
The sum of the element-wise product of Tables 1 and 2  ( i.e., the cross-product of sibling's deviations from the mean weighted by their respective proportions in the population) gives the expected covariance between siblings or DZ twins, pqa 2 . Dividing this quantity by the population variance of 2pqa 2 yields the sibling genetic correlation of 1 2 ; regardless of the values of the allele frequency p and the allelic effect a. The MZ correlation equals the MZ covariance divided by the population variance, and since these quantities are the same, their genetic correlation is unity.
Effect of a common environment moderator (M)
We now consider the effects of changing the quantity a due to the action of a binary environmental moderator (M) which is perfectly correlated within families. The population therefore consists of a mixture of two groups, whose proportions we denote f and 1 À f , with 0\f \1 (like p) bounded on the open interval from zero to one. Assuming that the allele frequencies are equal in the two groups, and denoting the two allelic effects as a and b, the mean of this heterogeneous population is:
To compute the expected sibling correlation in the heterogeneous population, we follow the same general procedure of obtaining the mean, the population variance and the sibling covariance. The main differences here are: (i) all deviations are calculated from the grand mean of both groups (Eq. 1); and (ii) the proportions of each sib pair type are the product of the allele frequencies p and q ¼ 1 À p, and f or 1 À f , the proportion of pairs exposed to the environmental moderator. The variance, being the weighted sum of the squared deviations from the population mean, for both groups, is
and the weighted sum of the crossproducts of sibling pair deviations is: 
This equation equals .5 whenever ðf À 1Þ 2 ð1 À 2pÞ 2 ða À bÞ 2 ¼ 0; which occurs when there is no moderation group in the population (f ¼ 1), or no effect of the moderator (a ¼ b), or when the major and minor allele frequencies are equal (p ¼ :5). Deviations of equation 4 from 0.5 arise from the difference in the genotypic means of the exposed and unexposed groups. With a MAF of 0.5, there is no difference in means between the groups; both are zero. This is because, within each group, the proportions of the two homozygotes are equal and they have the same deviation from the mean.
Pre-aggregated allelic effects
The expected sibling correlation derived above differs from what would be expected if the effects of multiple loci were aggregated prior to the interactive effect of the shared environment. Biologically, this seems plausible if genetic factors create an intermediate structure or system [also known as an endophenotype (Kendler et al. 2010; Cannon and Keller 2006; Gottesman and Gould 2003) ] which interacts with the environmental moderator. That is, the genetic factors would act jointly as a latent genetic factor. The statistical consequences of this type of A Â C interaction have been described before (Purcell 2002) but are briefly reproduced here for comparison. They are consistent with polygenic biometrical genetic theory (Mather and Jinks 1982) .
Under the classical twin model, gene by common environment interaction (A Â C) inflates only the additive genetic variance component. This prediction is correct regardless of pre-aggregation in the special case where the MAF is one-half at every trait relevant locus, although this is biologically implausible for any trait influenced by more than a small number of loci. However, when the effects of multiple loci are aggregated before interaction with a shared environmental factor, the expected sibling correlation can be derived in terms of linear regression coefficients. Let
where a, c and e are the regressions of the phenotype P on the A, C and E additive genetic, common and shared environmental sources of variance. Assuming that the components A, C and E are independent, the phenotypic variance under this model is:
var ðPÞ ¼ a 2 var ðAÞ þ c 2 var ðCÞ þ e 2 var ðEÞ: ð6Þ
Moderating the regression on A by a shared environmental moderator m would yield:
which in turn would generate expected variance of P: 
Illustration and simulation
In this section we illustrate three A Â C scenarios. First is the single locus A Â C, where a single locus interacts with a binary shared environment factor. This demonstration directly utilizes the algebra in Eqs. 3 to 4 above. The second illustration extends the single locus model to multiple loci, again by direct calculation. The third A Â C scenario is where multiple loci aggregate to form an ''endophenotype'' prior to interaction with the environment. Here simulation is used to illustrate. All of the scripts that were used to plot the figures, calculate the correlations and simulate the data can be found in the (online) supplementary material.
Single locus A Â C Methods
To explore the impact of minor allele frequency on the correlation between DZ twins, and hence the effects on the parameter estimates obtained from the classic twin study, we evaluate Eq. 4. The moderator is assumed to be binary, with 50% of the population exposed, i.e., f ¼ :5. The additive genetic effect sizes are set at a ¼ 1 for the unexposed and that in group 2 varies from b ¼ 1 to b ¼ 2. We also vary the minor allele frequency (which is equated across the two groups) from .01 to .5.
Results
Figure 1 graphs the results where A Â C interaction changes the distance between the homozygote means under the additive genetic model. As expected, when the minor allele frequency is .5, the correlation between DZ twins is exactly r ¼ :5, regardless of the difference in the effect size between groups. However, as the minor allele frequency decreases, the difference in the effect size between the two groups increases the DZ correlation. For minor allele frequencies greater than .3, the inflation of the DZ correlation is relatively modest; most twin studies would be underpowered to detect such differences, as the expected correlation would be only slightly greater than half that of MZ twin pairs. This would be especially true in the presence of moderate or large random environment variation, which would decrease both MZ and DZ correlations and reduce the statistical power to test differences between them. However, when the minor allele frequency is approximately .1, an effect size ratio of 3:2 (i.e., 1.5 on the graph) would often be readily detectable as the DZ correlation would be 60 % of that of the MZ pairs. This effect becomes much more pronounced with minor allele frequencies less than 0.1, with the DZ correlation rising to :9 Â rMZ or greater. The asymptote for this effect (for very rare variants) would be for the DZ correlation to equal the MZ correlation, although the variance due to very rare alleles becomes negligible, unless the distance between the homozygote means is very great relative to the population variance.
Multiple locus A Â C
Methods
To extend the single locus model to the multi-locus case, the same general framework was used; the variance and covariance were calculated for each locus, and then aggregated. Specifically, the effect size in group 1 was set to a ¼ 1 and that of group 2 at b ¼ 2. The groups were also set to be equally frequent (f ¼ :5). Next, 20 minor allele frequencies for each set of loci were sampled from three allelic distributions: (A) a uniform distribution bounded by .01 and .50, (where minor allele frequencies are sampled at an equal probability across the MAF range.); (B) an exponential distribution (ke Àkx ) with k ¼ 1 bounded by .01 and .50; this distribution slightly inflates the probability of sampling rare variants); and (C) an exponential distribution with a k ¼ 10 bounded by .01 and .50 (this distribution substantially inflates the probability of sampling rare variants). We then calculate and sum the variance and covariance of each locus, with the correlation equalling
. This process was repeated 100,000 times to produce a distribution of sibling correlations.
Results
The first column of histograms in Fig. 2 shows the MAFs for three simulated scenarios. Scenario A has a flat, equiprobable distribution of MAFs, B has a negative exponential distribution with higher probability of lower MAFs. Scenario C is probably closest to reality with a higher negative exponential. All of the distributions are bounded by .01 and .50. The second column of histograms in Fig. 2 shows the results of the locus-by-locus A Â C interaction. Just as in the single locus case described above, multiple loci A Â C interaction increases the sibling or DZ twin genetic correlation above one half. The mean (SD) of the sibling genetic correlation for scenarios A, B and C are, respectively, .544 (.012), .557 (.014) and .60 (.023). Accordingly, if the environment interacts with a genome on a locus-by-locus basis, the aggregate effect will also inflate the sibling correlation, which would inflate the estimates of C, as well as A, in the classical twin study.
Endophenotype Â C Methods
Data for the endophenotype by environment interaction were generated in several stages. First, 20 diallelic loci genotypes for two parents were generated for each of the 10,000 families, such that each mother and father had 2 ''chromosomes'' each. Minor allele frequencies were drawn from the same 3 distributions used in the Multiple Locus A Â C simulation. Offspring genotypes were then generated by selecting one ''chromosome'' from each parent. This method preserves Hardy-Weinberg equilibrium. To generate the endophenotype, 20 b's were drawn from a random uniform distribution ranging from À.02 to .02, and multiplied by the genotypes of each sibling. The endophenotypes were then standardized. Finally, the endophenotypes were multiplied by a binary moderator that was perfectly correlated within families. Specifically, the endophenotypes for half the families were multiplied by 1, while the other families' endophenotypes were multiplied by 2. This process was repeated 20,000 times to generate a distribution of sibling correlations.
Results
The effects of a shared environment moderator on a preaggregated 'endophenotype' are shown in column 3 of Fig. 2 . The results here are quite different, as the moderator has no effect on the sibling genetic correlation, which remains at 0.5, entirely consistent with biometrical theory that A Â C interaction is confounded with the effects of A in the classical twin study. The aggregation of the effects of many (in this case 20) loci, prior to the variance changing effect of the moderator, eliminates the effects of MAF on the outcome. The mean sibling correlation in the simulations are 0.500, regardless of the MAF distribution. However, there is evidence of increased variance in the estimates as lower MAFs become more frequent. The Fig. 2 Histograms of sibling correlations generated by two mechanisms (columns 2 and 3) for three different minor allele frequency distributions (a, b and c, shown in column 3). The two mechanisms are: column 2, an interacting shared factor that operating at the locus level by changing the distance between homozygotes; and on an aggregated 'endophenotype,' which is assembled as the sum of locus effects prior to interaction with the shared factor standard deviations for scenarios A, B and C are .012, .013 and .018, respectively. This effect-also observed for the locus-by-locus effect-reflects the loss of precision of the sibling correlation when the variability at the locus is reduced at lower MAFs.
Discussion
The results presented above illustrate the consequences of four types of A Â C interaction. The key novel results emerge from the first of these, which involves modeling A Â C at the locus level. For simplicity, the interacting C component was assumed to be binary, and to change the distance between the homozygotes' means. This model is essentially symmetric, in that in both conditions the heterozygote has an expected mean of zero, which is the midpoint between the expected means of the two homozygotes. We showed algebraically the conditions under which the sibling or DZ twin genetic correlation would increase above the expected value of 0.5; this change increases the estimates of both C and A in the classical twin study. The ratio of C : A inflation increases as the minor allele frequency decreases, such that rare variants that interact with a shared environment moderator would show only an increase in C.
This main result extends to the polygenic case as long as the interaction occurs at the level of the trait-relevant loci. Here again both A and C are inflated by A Â C interaction. These changes occur irrespective of whether the environmental moderator has the same or opposite effects across multiple loci (increasing the difference between homozygotes at some loci, while decreasing it at others). Thus the effect is robust and A Â C interaction has likely contributed to estimates of C in previously published studies. The relative increases of A and C depend on the distribution of the MAFs and on the interaction effect sizes at the loci. We considered several simple distributions of allele frequencies, and found, as expected, that a greater proportion of low MAFs led to a greater proportion of inflation of C. The distribution of MAFs in the population obviously depends on the trait being studied, and likely reflects the effects of selection. Traits that reduce reproductive fitness at one end of their continuum are likely to have a preponderance of low MAFs Fisher (1929) , which would inflate C almost exclusively. Conversely, those under stabilizing selection (in which the intermediate phenotypes are fittest) would show little inflation of C relative to that of A, because the MAFs would be close to one half for most loci.
Until now, it was widely believed that the effects of A Â C interaction are completely confounded with those of A in a classical twin study. This belief is also consistent with standard statistical theory for interaction terms, in which the coefficient of an interaction term is obtained as the product of the corresponding main effect terms. Thus A Â C interaction is predicted to be confounded with (i.e., inflate) the estimate of additive genetic effects, a 2 . By modeling the effect of a shared environment factor at the locus level, we demonstrate that the estimate of c 2 will also be inflated when the minor allele frequency is not equal to one half. For rare variants, A Â C interaction will manifest almost entirely as an inflation of c 2 with little increase in the estimate of a 2 . These results do not hold when the allelic effects are pre-aggregated into a latent phenotype or 'endophenotype' prior to the effects of the moderator. That is, the moderator would not act on the loci directly, but instead on the preaggregated genetic trait by changing the magnitude of its effect on the phenotype, per Eq. 8. Given suitable knowledge as to which loci contribute to the phenotypic variance (such as might be gleaned from genome-wide association studies), their effect sizes and minor allele frequencies, along with how the genotypic means change as a function of the environmental moderator, it would be possible to predict how the sibling genetic correlation -and hence their phenotypic covariance -would change. This model predicts that the loci that interact with the environment do so in a manner that is proportional to their contribution to the mean of the trait. In practice, interaction at this level would inflate only the estimate of a 2 : In the second scenario, the effects of the moderator would not act on the loci directly, but would act on the preaggregated genetic trait by changing the magnitude of its effect on the phenotype, per Eq. 8. Given suitable knowledge as to which loci contribute to the phenotypic variance (such as might be gleaned from genome-wide association studies), their effect sizes and minor allele frequencies, along with how the genotypic means change as a function of the environmental moderator, it would be possible to predict how the sibling genetic correlation-and hence their phenotypic covariance-change. This scenario can be envisioned as an endophenotype interacting with an environmental variable. Importantly, this model predicts that the loci that interact with the environment do so in a manner that is proportional to their contribution to the mean of the trait.
That to some extent A Â C would manifest as variance in C raises some interesting issues. First, while there is a notable lack of variation due to C for many traits in adults (Rowe 1994) , this is not generally true of the same traits at younger ages (less than 18 years of age), in which common environmental factors often play a bigger role for behaviors (such as substance abuse). It seems possible that A Â C contributes forms part of the estimates of both a 2 and c during at these ages. It is precisely at these younger ages where siblings share more environmental factors, some of which may contribute to the main effects of the shared environment, others that interact with specific genetic loci, and still others do both. All of three may contribute to the estimates of the common environment's effects that are derived from classical twin models. Alternatively, if the mechanism is at the locus level, then the increased c 2 from an A Â C interaction might not be observed for several possible reasons. First, is that it is possible that there is less A Â C occurring than is thought to exist. Thus we are not finding it because it does not exist. Second, it is possible that genetic dominance or epistasis mask the effects of non-additivity in the classical twin study. Specifically, both dominance and epistasis would deflate the DZ correlation relative to the MZ correlation, nullifying the effects of the A Â C interaction. And third, the environment with which the genotype interacts is not shared between family members. Interactions with unshared environmental factors inflate the unique environmental variance component in twin models.
Limitations and extensions
A limitation of the current demonstration is that the we focus on the effect of A Â C and in doing so ignore the potential main effects of A, C, E, or other components variance of the phenotype. These other sources of variation do not invalidate the results, but they reduce the amount of phenotypic variation that is due to the interaction. Also, non-additive genetic variation could mask the impact of A Â C interaction. Suppose, for example, that the variation in the phenotype is due, in equal parts to additive (poly)-genetic variation, unique environmental variation and A Â C variation with the interaction with a relatively rare allele (MAF % .05) with a 2:1 ratio of effect sizes in two groups. In this case, the correlation between DZ twins would be a three part mixture of r a ¼ :5 from the additive genetic variance component, r e ¼ 0 from the unique environment and r AÂC ¼ :8 from the unique environment. The expected DZ correlation would be r ¼ :433, while that of MZ twins would be r ¼ :666 (r a ¼ 1, r e ¼ 0, and r gxe ¼ 1). Estimates from a classical twin study would approach
Absent the interaction, the estimates would be expected to be a 2 ¼ :5 and e 2 ¼ :5. There are several directions in which the current exploration could be continued. Most obvious is to change from a model of a purely shared environmental moderator to one that is either not shared (beyond by chance) between relatives, or some intermediate degree of correlation for the interacting environmental factor. The biometrical model predicts that A Â E would be confounded with E in the classical twin study. This seems unlikely to remain the case, since the expected mean values of the groups (of which three would be distinct: concordant exposed, concordant unexposed and discordant) would be subject to some departure from the overall population mean. Similarly, one may expect that the effects of epistasis, i.e., loci interacting with each other, would also generate some effects confounded with C. These issues will be addressed in a subsequent article.
Additional possibilities exist by considering alternative effects of the shared environmental factor on each genotype. The model used here increased the distance between the homozygotes in a symmetrical fashion, and assumed a purely additive gene action at the locus. Should the factor influence only one or two of the genotypes, the allele frequency at which A Â C interaction would appear entirely additive would deviate from the 0.5 value required for symmetry in the cases considered here. The possibilities for both additive and non-additive G Â E interaction at a single locus were recently considered by Aliev et al. (2014) . Epistatic interactions across loci will behave somewhat similarly. Zuk and colleagues (2012) noted that with epistatic interaction, there is a reduction in variance at low allele frequencies, and a change in the apparent variance component constitution of a trait. There is therefore scope for a broader treatment, involving a wide variety of types of G Â E, E Â E and G Â G interactions.
Conclusion
The results of this paper suggest that if an environmental factor shared between twins interacts with the genome at the locus level, then both the additive genetic and the common environmental variance components in a twin model will be inflated if the MAF deviates from .5. If the shared environmental variable interacts with an aggregated genetic variable (such as an endophenotype), then only the additive genetic variance component will be inflated.
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